
complexdynamicscomplexNumbers-letii.FI
be a number which formally satisfies it = - l .

A complex number is an expression of the form

atbi where a.be/R,i--Fi
These numbers are a field :

(A. tb.it (aztbzi) = (A. taz)t (b. tbz)i

(a. 1-b. i) (Aztbzi) = Aiazt aibzitazb.i-b.bz

Every complex 2- =atbi has a complex conjugate
E- = a -bi and 2- •Z=(atbi)(a-bi)=a2tb2 = 12-12

b-

;
This notion can be used to give the complex plane
a metric :

'

a

÷éw. dtt
. ,Zz)= /Z ,

-Zz/



So
,/the complex plane is a metric space , so we have notions

of neighborhoods , convergence , continuity , etc .
↳ Nelw) = {zee :/z-WILE }=Bdw)

•

2- =atbi-reio-rlcosoti.sino)
'

a É°= cos@ + i.since = Zeit r is the modulus of z

Euler 's Identity
0 is the argument of z

D= arglz)
9=12-1cos0

b. = 12-1 Sino

Functions
A function f. ①→ ① is continuous if it is continuous from
the metric space defn .

f- (z)- f (2-0) exists independentlyA function f- :@→ ¢ is differentiable at 2-◦ if him z=z◦ of direction
2- →Zo



-7¥ We denote this as f
'

GD

-¥¥
If f is differentiable at every Pt in an open set DCQ , then
it is differentiable over D

If f- is differentiable over D ,
then it is continuous overD.

Propert.esofcomplexderivatives-Iff.geare differentiable over D:

(1) (ft g)
'
= f-

'

+ g
'

(2) (f. g)
'

= f
'

gtfg
'

(3) ( f- ◦g)
'

= fog (g)
(4) (Eg)

'

= f.8-g.FI at the points when g-to



Moretroperes ••z • -22

f-G)= zn ⇒ f.
'

(2) = nzn
" •0 • E

z
"
•
,
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2- =/zleio→ 2-2=12-12ei
02

:*
.

.
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;D
2- = IZIÉO → zn = lzlnei

On ur

If Z is inside Unit circle
,
the iterations Z

,
2-2,2-4 ,

:
. . ,z
"

spiral towards 0

If Z is on the unit circle
,
the iterations jump around the unit circle

If Z is outside the unit circle
,
the iterations spiral away from origin

Ws (O) = Nato) ← All points in ① w/# < I
•

T.q.ws(a) = {zee : K-1> I } .?⃝;••
On the unit circle , parameterized by ⑨ C-[0,21T)

0-1>20 '\Angle Doubling Map
> @



EI:
az on this Am

f- (z)= az É••;÷ .

= /a/ eiargla) . /zyeiarglz
)

= /a/ 12-1 ei lasta) tars⇔) if taki

f-
"

(Z) = anz = /a/
n /zleilnarglaltargczDIf-ae.ws(O) = ①

If: wstx) = ICI {0}

Iflal
f-tz-zia.E-a.z.E.az#a4z-

• a
= z . einargla)

'
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There are 2 cases :

(1) If arg(a) = ¥1T , P, q c- IN :

Then f-"(z) = 2- for any z
⇒ every point is periodic

2) If arg (a) ≠ ¥1T , p.ge/Ne.g.argla)=rziT
Then there are no periodic orbits other than 0



In this case , the orbit of 2- is dense in the circle

of radius 12-1

If f. ①→ ¢ is a differentiable function and p is fixed by p,
there is If'(p)K 1

,
then the stable set of p contains a

neighborhood of p . If / f'G) I > 1
, then there is a neighborhood of p

which moves away from p .

If 'lp)/ 21 : Attracting Fixed Point
If '(pH > 1 : Repelling Fixed Point

Days



We want to look at dynamics of quadratic polynomials
f- (E) = 2-2 + aztb We proved that all of these are conjugate

to fans of the form qclz)=ÉtC
( old Gw)

Last time we looked at go G)
= 2-2

If 12-121
,
then q:(⇒→ 0

12-1>1 , then 1%72-71→ no

12-1=1
, then Doubling Map

Prog : The orbit of a pt Under a quadratic polynomial is either
bounded or in the stable set of 0

i. &④
✓



Prooflouthne:
1)It suffices to prove this for the family qclz) =Étc

2) U.se a triangle inequality & induction to prove that if /WHICH

then
,
WE Wsfx)

Def . The fHedJuSet of qc is the set of pants which

are bounded
,
denoted by Ke Ki {zed :3Mst . lqilz-KM.tn}

Def : The Juliet is the boundary of Kc , denoted Jc

Aka pointsinkes.t.am#neighborhood Spills out.
So for q ◦ (7) = 2-2 :

If 12-1<1
,
then gift) →0 ⇒ Ki Wˢ( 03

12-1>1
,
then /gift)l → ✗

If 12-1=1 , then doubling map . ⇒I

\



Fact : If a complex polynomial has an attracting
periodic orbit

, there must be a critical point of

the polynomial in the stable set of one of the points
in the orbit

Def :Critical of plz) is a 2-
◦
S.t. P'(2-0)=0

For qc (Z) , 2- = 0 is the only critical pt .

theorem : If 0 C- Kc
,

then Kc is connected .

If 0¢ Kc
,
then Kc is a cantor set

Kc is connected if for any ✗ if C- Kc , there is a path connecting × , y
that is completely contained in Kc

There is a path contained

Ey : 7
.

in the bdl



Cantor set is a closed
,
bounded

, totally disconnected set
with its isolated pts .

We want to know more about the set :

M={C : gild is bounded}
= {CECI : -0€ Kc}

You can show that Mc BIO) ( ball of radius 2 around origin)

In other words , if Id >2 , then gills is unbounded .

If we define M ,<
= {C : qdz)

has an attracting Periodic orbit}of prime period K

,

Mac M

M is the Mandelbrotset



Look at rc (z) = 2-3 tc

You can define the filled Julia sets the same way and

consider ME {C : rico is bad }

ME {c : orbit of ◦
under Zt>Etc} = Multibrotsetis bounded

Ramblings
% ( o) = % ◦ g. °. . . ◦ qdo ) ← g.ws

M

Pick Any I c- EE . TE

qÉ
'

G) = Etc

m⇔={c :
9¥ . .-9%9%0} q :'(⇒ ⇐Etc
is bounded

9=9%9 .
"

polynomial of degree J




