


Differentiability
Internet .

Regan : A function f : I→ IR is different.able @ ✗ c-I if

f-
'

6) = ;×f%y" exists .
If fisdifenntabk at every ✗ c- I

,
then

it is differentiable on I

Meanvahiheorem : Sps f :[a.b)→ IR is differentiable on I and

f is continuous
,
then there is a c. C- (a.b) S.t.

f- (b) - f- (a) = f'(c) (b-a)

f'(c) = f(ba
)

b-a

i. i i.

Thin: Let f :I→1R be differentiable
,

f-(I) ≤I
, /fix)/ < 1 for all ✗c-I

,

f
'

is continuous . Then , there is a

unique fixed point and If .(×)
- f (g)1<1 × - yl
-

G
Contraction

For any
✗if C-I ⇒ Mapping brings pts closer together .



Proof : By the MVT
,
Ifk) -fly) / = / f-

'

(c)I / ×- yl < H-yl
So

,
As a contraction

We already know there is a fixed ptp . 5ps q is another fixedpt.

Ip-ql = / flp) - f- (g)/ < Ip-qt↓ ↓

P&g are fixed By contract.on

so q cannot be fixed . Therefore, p is the unique fixed pt .

Note: If He ✗ < 1 for all ✗C-I
,

then If/×) - f- Ip)/ < ✗ IX-p/ . Cp is fixed by f)

IfTx) - f4p) / L X / f-(x) - f-(p)/ it /x-p /

If%) - fYpD / 2×1-94×1 - ftp)/ < . . .

< 13 /x-p /

⇒ |Wˢ(p)≥
¥ : f-(x) = rxtb , Irl < I

f-
'

(x) = r . f-(p) = rptb =p ⇒ p=¥ is fixed pt .

Wtp) = IR
f-
"

(x)→p exponentially in n

tf
"

(x) - p / < Irl
" /X-p/



EI : f-(x) = rxtb , Irk 1
Not a contraction

.

* If f-I & D= 0 , everything is fixed
b≠o , no fixed pts f-(x) = - C-✗ +b) +b

* If r= -1 , there is a fixed pt @ p=É = ✗ -btb =×

So
, Wscp> = {p} So

, every pt is periodic ofperiod
2-

Ex : f-G) = rxtlb , Irl > 1

There is a fixed pt at p=¥r
/ f-(x)-p / =

-f-(p)/ =/ rxtb - rp
-b/ = / r(x-p) /
since Irl> 1

,
1r(x-p) /> /X-p /

So Wtp) = {p}
and Wˢ(a) = IR- {p}

EI : f(×) = ✗
2

.
. . f-(o) --0 , f-CD = I

f-
'

(x) = 2x Wˢ(D= C- 1 , 1)

If ✗C- (-42,1/2)
,
/F'(x)/ < 1

,
so C-Yz , %) C Wˢ(07



Thy : Let f be differentiable onI
, p is fixed by f, / f-

'

(p) /< 1
,
and f

'

continuous onI
,

then there is an interval JCI containing p
such that JC Wtp)

* If If '(p)l> 1
, then there is an interval JCI containing p

such that ✗≠p leaves J eventually
Proof :* If

'

(p) / < I

,⇒-
f-

' 1 if ✗ c-J f is contracting on J,
so JC Wˢ(p)

L A'p€fL⇒
After every iteration,

✗ is pushed* if tf '(p) I> I

,⇒-
If Is further away from p, eventually leaves J

((lp)jm (It could come back depending on mapping)
tÉᵈ



Def: If f- (p) =p , then p is :
•Hypertic : if If :(p)/≠ 1 So

, you can make
conclusions about the

• Non-ttype-rbo.ca. if If'(p) / = 1
behavior of a fan based

•Attracting : if If '(p)/ < 1 on info of the derivative

• Repelling if tf
'

(p) /> 1

EI : flx) = ✗ - ✗
3

f-(o) = 0 .

f-
'

(x) = I -3×2 .

f-
'

(o) = 1
,
but if ✗ is very close to

0
. If '(×) / <0

and this gives a contraction and you can conclude that

Wˢ(D) C Br Lo) for some r
.



EI : f-(x) = ✗ + ⇒ fio) = 1
, f

'

1×7=1+3×2

When ✗ is close to 0, If
"

(x) / > 1
,
so points are being

repelled from 0

Def :(et f be C
"

= set of fans w/ continuous derivatives

and p a periodic point of period K .

Then if I (F)
"

(p) / ≠ 1
,
then p is a hyperbolic periodic point

/ (f-
"

< 1 is attracting
/ If 'T

'

(p) / > 1 is repelling

Corollary: If p is periodic w/ period K , and :
*If / (f)(p) / < 1

,
then there is an interval

J containing p s .# Jc Wˢ(p)
* If / ( f-

'Y'(p) / > 1
,
then p is contained in an

interval J of pants which eventually leave J




