
Parametepra.im?edFamiliesEx-:fr(x)--ri
attracting if

Irl < I
W%) = IR◦ is the only fixed P+⇒ 0 is { repelling if Irl > If:(D= r WS (O) = {0}

One of infinitely many fixed pts if IrklDrastic Change In Behavior
of crossing r= It is a
Bifurcation

Def : Let f. (x) be a parameterized family of fans .
Then

,
there is a Bifurcation at ro if there is

an E >0 S.t. Whenever a C- (ro-E.ro) and be (ro ,
ro +E)

,

then the dynamics of the maps fa & f. are
"

different
.

"
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E± : fr (x) = Sink×) Pt at 0. Bifurcation

Irl> I ↳ could be either
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✗⇒

EI: frlx)=rx( 1- ×)

Fixed pts :{0¥ }
>
r"

t
→
r"

frlx)=r- Zrx Transit
't'd

↑ Attracting
f:(¥)±r-2r(¥)

×

Bifurcation
÷:"¥= r - 2r +2

= -rtz ¥¥;↓¥÷÷¥ÉÉeri◦a☐⇔y
Bifurcation

Maintypesofbifurcatns :

• Saddle Node
◦ Pitchfork
• Transcranial
◦ Period Doubling



PeriodgCascade

É¥_
WhatweogMap:
1) Max : (% , E)
2) Fixed pts : {0 ,¥ }

{ 1
,
±} are eventually fixed

3) When F-3, period doubling bifurcation

4) When F- It 56 , period doubling



5) When r= /tr there is a period 3 orbit ⇒ Periodic
orbit of every prime period

6) When considered as a fan w/ domain [Oil] ,
Im fr = fr ([0 . D) = [0 , %]

y of vertex > 1 when r >4

i
-⇔rf. (E) > 1 and fit:)-so

"":;÷iii÷: ; :*::: "i
1
,
if ✗c- [0,42-401%+41] , then

I But maybe -14×1410,1]

Define :

Nj { ✗ c-[0.1] : fix ⇐ [Oil]}



✗ = Arn =
set of pants that never leave

Von consider r > 4 :

fr : A→A

Next www.whatdoeshlookl.ke?-
Next Class :

fr (x) = r ✗( tx )

"

r"

1-E-Hmm,!:*!
1-I 1- I H A
Ii

, ,
I112 Iz, , I2,2

If Ñ = {✗ C- [on] : fihx) C- [0,1]}
= set of pants that never leave after
n iterations .



Mr -_ ☐ An = set of pants that never leave

AT :[Oil]

Mr,=I , UIZ Where I , and Iz are closed intervals .

Note :-[ (I ,)=fr(Iz)=[0,1]

Ñz=I
, ,
UI

,,UI"UI" Nok : Ii,j≤ Ii

[0,1] = Ñ
.

I
,

/
,

⇒MY Notice:f(T-z.az)=Iz ,≥

/ \ / \ f(Iz,z)=Iz

Ii
, ,
I
, .z

In Ia, => AT f- (1--2)=20 , ☐

^^ ' ' ^
Ilan 1,2 Inn Ii .az Izmir 12,112 In

,
,
T-z.z.ae

=> A}

; : : : : : :
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[Disjoint union

of 2
"

closed Intervals



f-
"

(Izi
,
. . . ,zn)=[0,1] onetoone&ont_

What does A look like ?

Def : A nonempty set C.
≤ Risa Cantorset if it is

① ( is closed & bounded

② C contains no intervals
③ Every point in Cisar accumulation
point of C

EI :(antor.sn/iddleTh-irdSet
*
Emphasis
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,
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( = M Cn ←
Cantor Middle Third

n >×

Facts: • Cn is a disjoint union of 2
"

intervals of length 3-
^

Total length of Cn = (2-3)
"

⇒ C contains no intervals

• The Compliment of C is open , so C must be closed & bounded

WhanC ?

Each subinterval in Cn has an index in { L , R}
"

so points in C- Afn have addresses in {L , R}
"

that is every point can be located by an infinite
string of Ls & Rs

if ✗ = •5,525354 . - -
.

/

then ✗ ,
=
•
S

,
* Si C- {L ,

R }
✗z = . S , 52*
:



i

✗n = •5,52 . . .sn#

So
, C is a Cantor set

An endpoint of Cn has an address of form :

EI :

49 =
. LRLLL

. . . .

=
.
LRT

so endpoints correspond to strings which are

eventually all L 's or R 's

so the other type of addresses correspond to other points .

Baektolog.sk/=ctnProp-:Letr>2+55>4
, frlx)=rx( 1-×)

There is a X> 1 S.t. Ifi Ix) / > X> 1 for all ✗ c- A

Also
,
the length of each Iz , ,

.
. -

,
Izn is less than I

"



y

Proof : It can be calculated that

:If:(xD ≥ / fits±F¥r)|> 1 : : :

↑ :
: i

endpoints ofgap #MY,imᵈ¥ / ×

if r> 2+05
This proves the first part

since f-(E) = [0 , ☐
Since Length of [0,1]

= 1 and the stretching (derivative)
on Ii is at least 11

,
then I , has to have

length < ¥ .
Otherwise if length of I , > % ,

then I = length of [0,1] ≥ length of Iii > 1

By same argument , Iz has length ≤ Yx

Repeating the same argument . you get Ii
"

Thus
, length of each Izi . . . . an is less than I

"



Thy: If r > 2+55 , the set Ñ= ◦

Ñn of points which

never leave under frlx)=rx( 1-×) is a Cantor Set

Now we focus on fr restricted to A. Endpoints of
Imi are eventually fixed .

Def : A function f :D→Discontinuous is topdogicallyt-anst.ve
if for any Open sets U & V which intersect D ,

there is

a ✗ C- UND and n ≥0 S.t. f-
"

(x) C- V.

Prog : If r> 2+55 , then fr :Ñ→Ñ is topolog.cat/ytransitire-
% "

" µ
g

.
.
. ..
.
. - -
-
-

-
-
- - - -

-
-
- - - - - - - - -- - - - - - -

:
# ± Bijectively ,

so given y c- VAN

i.

No
.

→
,

you can find a ✗c- In .ie U
S.t. fnlx) EVAN

1¥ Ini fⁿ(In,i)=[Oil]



Def : f:D→D exhibits sensiti-depmdmeminiiamd.hn if there
is a 8>0 Sit . for all ✗ED and E>° , there is a ✗=/y c-

D

and n ≥ 0 S.t. H-y /< E and lfnlx) - fly)I > 8

trop: fr :Ñ→Ñ has sensitive dependence on initial conditions if

r>2+55

If : Let 5 = Size of Jap *I.i

1B¥)
(4)→ Ftd -14×1 fnlx)

Been
⇒ %¥ÉÉ]

,N
.
-
- - - - -

-

t
- - -

- -
- - - - - -

- -
-

since f-
"

(Ini) = [0,1] . Suppose f-
"

(x) is on the

left side of the gap . Pick 2- C-NnlRight side d-gap)

since f
"

/In ,;
is a bijection , there is a Y c- In.inNc BeG)AN

S.t. f
"

/g) = z ,
and If"(y) -f

"

(x) / ≥ 8 (size ofgap)



Def(Devaneg)_: f :D→D. is chaotic if BAD Definition
(a) the periodic points are dense in D

(b) f is topologically transitive
(c)f has sensitive dependence on initial dependence

trop : If f :D→D is topologically transitive , then
either D. is infinite or D is a periodic orbit CD is finite)

Proof : Sps D is f.nite :

D: ✗7.

"
. . .

Pick E = flying 1×-31 and so Belz) A {Z} = {Z} for ZED

For any ×, y ,
there is an ns.t . f-

"

G) = y . Also
,

there is a ms.t.fm/y)--× .

So
,
✗ is periodic .

By transitivity , there is one periodic orbit



thm : Let f :D→D be continuous where DCIR is infinite and has a

dense set of periodic points and is topologically transitive .

Then
, f has sensitive dependence on initial conditions . So

f- is chaotic .


