
period3.IM/o1iesChaos-SarkovskisThm-Thm-:If f is a continuous function on the real numbers

which has a periodic point of prime period 3 , then
f has a periodic orbit of

prime period n for new

Proof : Let Aib , c be the periodic orbit
.
Assume a < b< C

and f-(a) = b, f (b) =L , f(c) = a
'Fib

since f([a ,b]) ? [bit , there is a [a.bf.IO [b.☐ = Ii

periodic point w/ prime period I in [b.☐ [b.☐ ≤ f- ([a ,b])
Io

,
I , C- f([b.D)

Want to show that for all n ≥2
,
n -43
,

there is a periodic orbit w/ prime period n

Want to find closed internist , = A ◦2A ,
?
.
.
.

? An such that :

1) A. = I .

2) f- (Ak) = Ak - ,
,
1<=1
, . . . ,n-2

3) f-
"

(AK) =I , , 1<=1 , _ . . , n
- 2

4) f-
"'

(And --Io
5) fⁿ(An)=I ,



Claim: Such collection of sets guarantee the existence of the periodic orbit we want

Proof : By (5) , An≤ f-
"

(Ain) which gives us a fixed point of f
"

which is a periodic orbit of period a.

To show its prime period n, take ✗ c- An S.t. fⁿ(x)=×
.

By (3)
,
✗ , f-(x), Flx), . . . , f-

"

%) C-I ,

By (4), f-
"'

(x) C- I◦ .

If ✗= C
,
then f-G) = f-(c) = a ¢ I ,

since f-%) is the only iterate not in I. , so I = n- l or n =2 . So ✗ =/ C

If ✗=b, then f4x)=f2(b) = a ¢ I , , so 2-- n- l or n=3 , but n-43 , so ✗=/b.
So
,
✗ C- (b. c)

Since f-%) C- I ◦ = [aib] , then f-"(x) =/ X ble Ion [b.☐ = {} . So ✗ is not of prime period n
- 1
.

If f-
"

(x) =✗ for Kan - 1 , fix) C-I, for all i.<K and X's orbit stays in I,
which is incompatible w/ (4). So n is the lowest period possible .



Constructionsofsrtis
Lemmy: Let F- [a.b) and I -_ [c. d] .

If f is continuous and f- (5)≥I , then there is
a Jo CJ S.t. f(Jo)=I

d- - - - -

↑,

% -÷R
'a'É b
J

Pick n> 1
.

(1)Let A◦=I .

Since f-LI ,)≥I , by Lemma , there is A. ≤ Ao S.t. f(A.)
= Ao

(2)
Since A. ≤ Ao and f(A.) =- Ao ≥ Ai , by Lemma , there is A,≤ A, sit . f(AD=A ,

and so on for 161,2 , - - - in-2 we get
Ao ≥ . ..

≥ An-2

Now
,
f-{A.)=f(f(Aid)=f(And = A.az
ftp.d-flflfCA.a))) =f(f-(Aia)) = .

. .

= Aas (3)
i

f"(A.a) = . . _ = f-(A.) = A ◦ = I ,

since fⁿ(An-a) = f- (f"{An-D) = . . .

-

_ f- (ID ≥ Io
. (4)

By Lemma , there is a Ame Ann St. f↑Am)=I◦



Finally , fⁿ(Am)=f(fÉAm))=f(I◦)=I . . (5)
By Lemma , there is a An ≤ Am 5.+. f(An) = Am , and f↑An)=I ,

Q . E.D .

This is a very
1 dimensional phenomenon . In higher dimensions,

period 3 orbits do not imply anything .

Def : Sarkovski's ordering of IN
335 >7 7 97

. .
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> 2
"
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sarkovsk.is/--heorem

If f is continuous and there is a periodic orbit of prime period n ,
then if n>M

,
there is a periodic orbit of period M .




