


Periodic Orbits & Stable Sets
-

Def: If f is a function , then p is a fixedpo.nl#iffCp3--p

Theory : If f :[a.b)→[a.b] is continuous, then f- has a fixed point

Pf : If f-(a) = a or f- (b) =D , then we're done . Assume f(a) =/ a , f-(b) ¥b .

So
, f-(a) >a & f-(b) <b.

Let g(x)=f(x) -✗ Which is continuous. We have g(a) =f(a) -a > 0

and g(b) = f-(b) - b
< 0

. By the Intermediate Value Theorem , there is

a C C- (a.b) such that g(c) = 0 , so g(c) = f-(c)
- c = 0 , so f-(c) = c

f-G) = ✗

Use I.V.T b/c f- is continuous
, _

Must cross f-G)⇒

f-(a)•

• f(b) by I.V.T

a-

↓ "

b

EI : f-G)= 1-✗
2

has a fixed point
I

✗7×-1=0 => ✗ =
-11€

i ¥
"×> = 1-✗2=×

,



theorem : Let f :[a ,b]→ IR be continuous such that [aib] ≤ f- ([a.b])
.

Then ,
f has a fixed point

Proof : If f-(a) = a or f-(b) =b
, done .

Assume f-(a) =/a & f-(b) =/ b.

There is a C>a such that fcc)=aa b- :
-
-
- -•-

.

and deb such that f-(d) =b fka.si/-( ii.
← -

"

!
Let glx)=f(×) -× so g(c) =f(c)-c--a-Cao
and gld) -_ f-(d) -D= b-d> ° .

-

lad ↓ ↓
By I.VT, there is a zero of _g between c&d

FundfÉints :
f-G) = ✗+2 bk f- ([0,D) = [2,3]

[A,b] ≤ f([aib]) is necessary
for fixed points

Def : Iff is a function
,
then p is a periodicpont w/ period n if

f-
"

(p) = f-of ° . . . . ◦ f-G)=p . p has primeper.IN if f- "(p) =/ p for all O<K<n

The set of points {× ,f(x),f4x) , . . .} is the orbit of × .

If I is periodic , this

is called a peri-dirb.it or cycles



EI: f-G) = - ✗
5

• Fixed points : °

• periodic orbits of period 2 : {Oil , - I}
• Periodic Orbits of pyre period2 : { 1 , -1}

Ex : fcx) = ✗2+1

• Fixed points : ✗
21-1 = × => ✗2-✗+1=0 =>± not real

↳ No fixed points

Def: ✗ is evyfxed if there is an N
such that if K>N

f
"

%) = f-
"

(x) for all n>°

Def :X is eventually periodic w/ period K if there is N
such thatf=f×) for any n > N

Ex: h : I→Z All points other than 0, I
had = 1×-11

,
hlo) --1 , ha>

= 0 } are eventually periodic

"



EI : hlx) = RXG
-×) ← Logistic

Fixed point : 0

Eventually Fixed : I → ha)= 0

Def : If f- is a function and p a periodic point of period K, then
✗ is forward asymptotic to p
if fi;%f%✗)=p.-
✗ , f-

"

(x)
,
f-
"

(x)
,
f-
"

{×)
, . . .
→p

Def: The stabl-ese.to#Ws(p)
is the set of all points which are forward

asymptotic to p .

PetIf 1×1,19-1×31
,
/ f-4×11 , . . .→0, then

✗ is forwardasymptotrc.to#
✗ belongs to Wˢ(x)

F⇒ : f-G) = Tx

0 is fixed → WTO) = 0

4- is fixed→ Wˢ( 1) = (O , O)



EI :b : IN U {0}→ IN U {03
hlx) = 1×-11 Wˢ(1) = odd natural #s
A-A

w5(☐ = even natural #s'
◦ !

'

r

'

s

'
a

theorem : If pi =/ pz & are periodic , then
Wslp ,) on Wslpz) = ∅

Proof : find f-
"

%) =p; for ✗ c- Wˢ(pi) , Ki period of pi

Then
,
if ✗ c- Wˢ(pi) nwslpz) ,

fi;yf
""

=p , ≠ fgf% =p.

Plotting Orbits nix)=rxa⇒
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