
symbolicdynamics.DE#:
The set of all infinite sequences or strings of zeroes & ones

iBook is called the symbol space of Oil & is denoted by Ez
{
<

= {0,131N

⑤notice IF = {0,13N
,
{

<

= {on}
#

↳ bi - infinite strings
✗ = (X , , Xz , ✗3, . . . ) C- If
I = ( . . - , X - i , ✗◦ , X , , _ . .) C- %

-
- tann

_
-

Defa : For I. g- C- Ei , let dlx . g) = E.
'5¥

i>0

(Book)

(Alternative) : ① ( Iif) = 2-
""%)

, Katy) = smallest idx where ✗ i≠yi



Def : Let ✗ be a set . If there is a fan d :X✗✗→IR
sit .

1) d( × ,g) ≥ 0 i d. IX.g) =o iff ✗=y Positive Distances

2) dlx . g) =d(g.×) symmetry

3) dlx .g) tdlyiz) ≥ dlx , z) Triangle Inequality
Then

,
dis a metric on X and

✗ is a

metricspa.DE: Let d be a metric on set ✗ .

a) UCX is an open set if for any XEU, there is an E
>◦

S.t. if dlx . g) LE , then YEU
b) For ✗ c- X and E>0

,
the set Nelx) -_ {yell :day)< e}

is the E- neighborhood . Be (×) = E- ball around ✗

C) A sequence of pts ✗ i.✗2.x } , . . . Converges to ✗
* if for

any E , there is an idx NS.t.dk/*,Xi)LE if i >N



d) ✗ is an accumulation/limit pt of ✗ if for any E
>0

,

there is a X-tyc-XS.t.geNelx)
e) A set V is closed if it contains all of its limit pts .

f) A set ACX is dense in ✗ if for any XENA
and E>0, there is a YEA S.t. ye New

g) If d
'

is a metric on V, then f : ✗→r
is continuous if for any converging sequence ✗

i. ✗→✗
*

,

the sequence flx .) ,f(XD , . . .→ f(✗*) in V

Properties :
1) A set U is open if for any

✗ c- U
,
there is

a E>0 Sit . Belx) CU

2) Belx) = New is open

3) The following are equivalent :



a) ✗ is an accumulation Pt
b) 7 a sequence ✗" Xz Converging to ✗ w/ ✗e- =/✗ for
all i.

4) The compliment of an open set
is closed

.

The compliment of a closed set is open

5) A fctn f : ✗→V is continuous iff f-
"

(U) is open
wherever Ucr is

open

Read : d-(I. g) = 2-
'"%-)

Given F- (kHz ,
_ .) C- Ii what is Nyztx)

Nikki)={YEE: : y . -_ × . } -_ { × , ,
** .
*}

Niti)={_yEX:yi=Xi for i. ≤ n}



What are the accumulation pts of Nsn4) ?
Claim : Nanki) consists of all accumulation pts of

Ninth .

Proof: Pick Ñ C- Nin (X) :
Ñ = (✗ , ,

✗ 2
,

< . _

, ✗ n
,
Wnt ,

,
Wan

,
_ . .)

Ñ
, = ( X , , ✗ 2 , . . .

,
✗ n ,
Wi i - -

- ,W ,
Wktii ' - ')

flip

Doing this ÑK→ Ñ so Ñ is a limit pt

Vi (X . ,
.
. .

, Xi , Varg tail) cannot limit to Nzntx)

Conclusion : Net) c { I are both closed & open , doper?



Consider To = { FEE : ✗ i :O for all i. large enough }

Claim : To CEI is dense

PI : Pick JE Ei . Let yn = tf , ya . . .

> yn , E)

so yn C- To and yn→ y

UHrametriclwon-Archimedeanspaces-r.DE#:Theshiftmap-0 : Ei→ EI is the function defined by
shifting to the left/ truncating the frst coordinate .

I C-{+
,

I = ✗ 1×2×3
. .

.

0(F)[= ✗ i+ , 0 (X) = ✗2×3×4 . . .



There is also a shift map 0 :{⇒ E, which shifts to the left][ 01 . . .
X . . Xox . . .) = . . . X- i ✗ ◦ ✗ , • Xz . . _

Proposition: The shift map is continuous

Pfi. Pick IEEE .

I = Xixz . . .

Pick I=/YI = ✗ ,
Xz . . - Xiao

0(Fk)= ✗2×3 . . . Xie -0 0(F) = ✗2×3 - - -Xx ✗kit . - -

if g.<
"

→ I then Olyid⇒ 01×-1

Proposition : The shift map has the following properties :

(1) The set of periodic pts is dense in Ei
(2)The set of periodic pts of period n is 2

"

elements

B) The set of eventually periodic pts which are not periodic is dense in St
(4) There is an element w/ a dense orbit.

(5) The set of pts which are neither periodic or eventually periodic is dense in EE



"

Pick arbitrary IEEE and E=2
"

.

Let Tj-X-X://n-X.lk . . .

Then g- is periodic & d(I. y) ≤ E

2) Let Ln be the set of strings of length n .

Then
,
then = 2h

.

Each WE Ln gives the periodic orbit

✗w = Ñ C- EE of period n .

3) Pick IEEE and E-- 2-?
Let Ty= Xixz . .

. _ ✗n+ , -0
.
Then § is eventually periodic &

d(Iiy ) ≤ E (assuming X . ✗i. . _

✗na =/5)

4) Let ☒= 010001101100000101001Jw
all string all strings of length all strings of hnytl 3of,¥ngth 2

If you want I to visit an open set determined by a string of length K .

Then , after roughly 2
""

iterates. 04×7 will visit that open set. Since all open sets
are constructed from determining the first J symbols ,



Jit) will eventually enter the open set .

5) The orbit from 4 is a subset of this set & it's already done

Def : Let f:D→D where D is a subset of a metric space . f- is topologically
transitive if for any open U ,

V w/ non-empty intersection w/ D, there
is a n> 0 such that funD)NIVAD) = ∅
Or there is 2- C- UND s.t . f-

"

G) c- ✓

Proposition : Let f:D→D be a fan on a subset of a metric space .
If the periodic pts are dense & there is a pt w/ a dense orbit, then f
is topologically transitive .

Def : Let f :D→D be defined on a subset of a metric space .

Then
, f- has sensitiv-dependmeniniE.t.ms if there is a 8>0

5.t . for any ✗ED & E> 0, YE Nel ×) there is a n> 0 s.t.de/f7x).f7yD>8



Det : A fctn f :D→D is chaotic if :

1) The periodic points are dense

2) f is topologically transitive
3) f has sensitive dependence ON initial conditions

Thin. Let D be an infinite subset of a metric space and f:D→D is continuous .

Thun
,
4) & (2)⇒ (3)

Prog :O : Ei→Ei is topologically transitive

PI : Let U.tl be determined by strings Wu
.
Wu :

U :{IEEE :X = Wu *** . . .} V -_ {FEE : Wv *** . . . }

Pick I= Wnwv * * .
. - E U

Then
,
01W%-) = Wv ***

. . .
C- ✓

Corollary: The shift map is chaotic

B.ae#gisaMap



hr (x) = rx ( 1-×) Defined N to be the set of pts in [Oi] which never leave

r > 2+55 [0 ,☐ .

'

¥
" "

¥±i

We want to find T : Ñ→ EE sit . I ◦hr = 0 ◦ I
.

Given ✗ C- Ñ
,
we want to describe its itinerary/address in that

Tr H)i = {
0

.
if h HE I.

,
if HE

'

1×1 C- I ,

We do this & it satisfies )Tr°hr=0o
Need to check if Tr is a homeomorphism
1) Bijective
2) Continuity
3) Inverse Continuity



Ent = {0,1 , . . .
,
n - I}

'"

= n -shift

0:25 → Ent shift map , continuous

Def : ✗ C Ent is a subshift if
1) 01×1=11

2) ✗ is closed

EI : ✗CEE =

sequences w/ no repeated Is .

↳ subshift of ZE _ > B = { It}

It is a subshiftoff.mil#-ypesFT) if there is a

finite list B of forbidden strings which do not appear in elements of ✗

GraphRepresentations_
Any finite directed graph F- (VE) defines a Vertexshift which is a
SFT in EÉr by gj= {{¥ :

there is an infinite path in P visiting Vi }at step i



GETS ⇒ {iii. i

G;•Jʰ
,

⇒
This gives example

from Thurs as

its vertex subshift. (No repeating Is)

Any finite directed graph f defines an edges+ ,
an SFT ,

in £#e by :
+

:
there is an infinite path{{ = { FEE# ± in p visiting ei at step i

}

⑨ => Edge shift is EI

Fact : Every SFT has a graph representation
as an edge shift or a vertex shift .

The graph depends on list B of forbidden words
.

If ✗ is given by a vertex shift , there is an associated

adjacencymatrix . (Ag) = {
1 if there is edge btwn i.j
0 else



If ✗ is given by an edge shift , then there is an associated

adjacency matrix : ( Ai ) ; ; = # of edges btwn vi. vj

G•qJ → (Ai ) = ( : :) → eigenvalue :
2

G;€ʰ
,

→ (Ai ) =L : ;) → eigenvalue :
"

Goof → (AI) = (2) → eigenvalue : 2

Def : A non - negative square matrix is primitive
if there is an n - o s -t

. A
"

is positive .



T.hn/Peron-Frobenius)-: Let A be primitive .

1) A has a positive eigenvalue , Xpf

2) Ypf is a simple root of char poly of
A

3) Xpf has a positive eigenvector Ñpf

4) Xpf is the largest eigenvalue in norm

5) Any non-

neg eigenvalue is a multiple of Ñpf

12
'→ .
1=1 : :P

stretches w/in cone and eventually
approaches the 1 dimensional line .

B.ua/oShiftofF-nkType:
Question : How many pts of period n does 0 : ✗→ × ?

Take (AT ) and add all diagonals ⇒ trace (Ai )



This is the size of strings of length n that

you see Iwnl

Def : The spectralradius , P , of A is the

modulus/norm of the largest eigenvalue
Ey : If A is primitive : Pa -_ Xpf

Def : The topologically of 0 :X→ X is :

h (O) = 1.m log/Wn /
→ 108 base doesnt matter

n→•-n → exponential growth rate of periodic orbits

For 2- shift : h (G)=L.im/nnI--ln2



Thin : If 0 :X→ ✗ is a SFT w/ primitive matrix A ,

then hlo) = In / pa) = In /Xpf)

Proof : /Wn / = trace / An ) = sum of eigenvalues of A
"

= Ñpf t . - -

Since Ypf is largest by norm ,
there is constant C > 1

such that :

I Ñpf ≤ /Wn/ ≤ Cliff
So

, In;gl%l¥i ≤ f.mg 1%111 ≤ f%CXpf
"

↳Xpf log Xpf

@I hlo)= In / '¥)
# of periodic points of period n is



≈ Wpf ≈ Fn lnth Fibonacci # )

hlo) measures the Max uncertainty in exponential form that

you
have in extending a word in the subshift to a larger word .

if hlo) --0 . it does not mean you have no uncertainty, it means
it's not exponential .
[Not Actual Def of Topological Entropy .

But for
SFTS

, they are equivalent

✗→ ✗ is a topological conjugacy ,

ᵗ↓yᵗ then hlf) -- hlo)

Corollary: For r > 2+55 , the logistic map hr : Ñ→Ñ has

topological entropy In (2)



ÑtiveTopdogicalEntropyisabet#riterionforhaos


