
Topologicalconjugacy *Not on Exam#

Def : Let f. :X ,
→ X

,
and fz :Xz→Xz be some functions

.

Then
,
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Note : Linear Algebra Diagonalizat.in/Change of Basis is topological conjugacy .



Prof: Let f. , fz be topologically conjugate by a homeomorphism h :X ,
→ Xz

Then :

(1) UCX ,
is open if & only if f. (U) is open

(2) The sequence ✗
i. Xz , X}, - . _ , converges to ✗C- ✗

iff h /XD , hlxz) , . . . Converges
to hlx)

(3) A set CCX
,
is closed iff h(C) is closed in Xz

(4) A set D is dense in X
,
iff h(D) is dense in Xz

Thin : Let f.
,
fz be topologically conjugated by h .

Then
,

(1) h
"

is a topological conjugacy between f. fz

(2) hoof
,

"

= fioh for all n ≥ 0

(3) PEX , is periodic w/ prime period K
iff hlp) is fz - periodic w/ prime period K



(4) If PEX , is f-periodic , then Wˢ(p) satisfies
Wˢ(hlp)) = h(Wˢ (p))

(5) The f-periodic points are dense in X , iff the fiperiodic
points are dense in ✗a

(6) f. is topologically transitive iff f. is topologically trans.tk

(7) If ✗ , ,
Xz ≤ IR & f.f. are continuous

,

then f, is chaotic iff fz is chaotic

sketchofproofs.it) Done .
See above

.

(2) h of, = f.oh → hof ? = hof , of , = fzoh of ,
= fzofzoh = fioh
i.
Induction _ _ . Done

(3) If f.
"

(p) =p , then h
,

◦ f.
"
(p) = h (p)



h of .
"

(p) = fz"(h(pD -5
"

so hlp> is periodic w/ period K

If K is the prime period for p , if n < K satisfies

fi(hlpD = hlp> ¥> fi (p)=p

so prime period is preserved .

(4) If ✗ C-Ws (p) then f-%)→ P
.

Since h preserves converging sequences ,
hlfi"(xD = fi

"

(HH))→ hlp)
so hlx) C- WÉ(hlpD

(5) By 3 and the fact that h preserves dense sets .

(6) Assume f. is topologically transitive . Want to show £ is topologically transitive .
Pick Open sets Uz

,Vzc Xz

Let V. = h
" (Vz)

,
U ,

-
-h
-' (Uz)

,
which are open since f. is topologically transitive .

There is an ✗EH , ,
n ≥0 St . f.TX) C-V.

. By the conjugacy .
we have hlx) C- Uz and filhlx)) = hofilx) C- V2
SO

,
fz is topologically transitive



(7) Under the hypothesis , we get sensitive dependence on initial conditions

¥ : f. : 10,1) → (on)
fz : ( 1 ,no) → ( 1 ,g)

f. (x)= ✗2←
% sensitiveDependence (contra,⇒

f. (x) = ×;
h (X) =¥

\h is a topological conjugacy sensitive Dependencebetween fu
,
fz On Initial Conditions

Thin: Let f. 1×7=4×4 -x) on [on] and f.4) = {¥i× !
Then , f. & fz are topologically conjugated
by hlx)

= sina.IE ×) f. (x)

Corollary : f. is chaotic ✗ fix

% ¥



Proof : Need to show hlx) is injective , surjective , has cont inverse,
and satisfies h of , = fzoh


